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1 Introduction 



The overlap Dirac operator fij satisfies the Ginsparg- Wilson relation and 
thus keeps the lattice chiral symmetry proposed in Ref. ||. This Dirac oper- 
ator has no species doublers and is local (with exponentially decaying tails) 
for gauge fields with small field strength Originally the overlap Dirac 
operator is derived from the overlap formalism |6| . In this formalism the 
axial anomaly is calculated and the renormalizability is discussed within the 
perturbation theory |?], ||) . General consequences of the analyses performed 
in the overlap formalism are expected to hold also in the case of the overlap 
Dirac operator. However the actual procedures of the perturbative analyses 
are so different in these two cases and the correspondence between them is 
not straightforward. In the overlap formalism, time independent perturba- 
tion theory using creation and annihilation operators should be invoked, and 
the perturbation theory is not conveniently expressed as Feynmann rules, 
while such diagrammatic techniques are available for the overlap Dirac op- 
erator. Moreover, the finite parts of renormalization factors on the lattice, 
which are necessary to extract physical observables from numerical simula- 
tions, are different |J. 

Therefore in this paper, we discuss the weak coupling expansion of lattice 
QCD using the overlap Dirac operator. Our study is an extension of the pre- 
vious analyses of Ref. | |10[ |) where only the axial anomaly is computed. [] We 
derive Feynman rules for lattice QCD with the overlap Dirac operator and 
compute the quark self-energy and vacuum polarization. We demonstrate 
that non-local divergent terms, which are not necessarily forbidden by the 
Ginsparg- Wilson relation, are not in fact induced in the quark self-energy. 
Once non-local divergent terms are known to be absent, the Ginsparg- Wilson 
relation prohibits divergent mass terms, as is shown later. The divergent 
parts of the wave function renormalization factors agree with the contin- 
uum theory. We also consider the vacuum polarization. Again, non-local 
divergences are absent, and the wave function renormalization factors are 
correctly reproduced. 

Our analyses are consistent with Ref. [18], where a formal argument on 
the proof of the renormalizability was given for a general Dirac operator sat- 
isfying the Ginsparg- Wilson relation. Supplementing their formal argument, 
we take the overlap Dirac operator and show explicitly the nontrivial can- 

1 The axial anomaly has been discussed using a different calculational scheme in 
Ref. 
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cellations necessary to ensure renormalizability at one-loop level. In Ref.jlS] 



the finite part of the vacuum polarization at one-loop has been evaluated 
and the lambda parameter ratio has been obtained. But the quark self- 
energy, which determines the chiral property of the renormalized fermions, 
was not analyzed. 

2 Derivation of the Feynman rules 

In this section we derive the Feynman rules for lattice QCD with the overlap 
Dirac operator, which are necessary for the one-loop analysis. The fermion 
action with the overlap Dirac operator is 

S F = a 4 ^^( m )fl^(m), (2.1) 

m 

where 

D = l(i + X-=L=). (2.2) 



a V ' VX^X 
Here X is the Wilson-Dirac operator defined as 
4 

2a 



1 4 



+r i2S m>n - 5 m+ ^ n U^(m) - <5 mjn+At [/t( n ) j 



Mix 
a 



(2.3) 



where f7« = e %agAti is the link variable and r is the Wilson parameter. Ex- 
panding X mn up to the second order in the coupling constant g, we obtain 

Xmn ~ /.a (2vr)4(2vr) 4e [q ' Ph 1 ' 

X(q,p) = X (p)(27T) 4 5p(q-p)+X 1 (q,p)+X 2 (q,p)+O(g 3 ),(2.5) 



where 



X (p) = V -7 p sinap p + - V(l - cosapj + -M , (2.6) 
^ a a 
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k 



A,n ' 

xgA*{k)T A V llM [,,---). (2.7) 



2 



n,2 



3 \aB/u \rrArrBfr , 



and the index i runs 1,2 and <5p is the periodic lattice delta function. T^ 1 are 
SU(3) generators in the fundamental representation. The vertex functions 
Vift, and V^u are given by 

k ( k\ ( k 

v i^(p+t;) = 27M cosa P+o +rsma[p + - 



v> H ^— J = -«7M a sm a ^ H J + ar cos a [P H J 

The weak coupling expansion of the overlap Dirac operator is derived in 



(2.9) 



the following way [ 10 1 . Using the following identity: 

1 f°° dt 1 



y/xfX J-oo vr t 2 + XiX' 
we expand the r.h.s of Eq. (|2.2| ) up to the second order in g as 
aL> = clDq 

+ r \ (t 2 xi - x x\x ) - 1 



(2.10) 



CO 



"° « 1 , „ , 1 



/°° ^ — * (x x ) — L_ (Vhf +x t x 



°dt f2 1 fvv ^ I 1 

CO 



—t — ? — r^o^i — i — (Xi)- 



(2-11) 
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where -Do is the zeroth-order term in g. The inverse of Dq in momentum 
space is 



Hp) 

auj(p) 



-ij p sin ap p 



a = a Xpip) +u(p) 

2(w(p)+6(p)) 2 2 u(p)+b(p) ' 
r 
a 



1 



5^(1 - cos ap M ) + -M , 



(2.12) 
(2.13) 



^sin 2 ap M + ^r^(l-cosap M ) +M J > 0. (2.14) 



For — 2r < Mq < the propagator Dq 1 (p) exibits a masssless pole only 
when Pn = 0, and there are no doublers. In the following, we take Mq in 
this region. We also note that the quark fields tp are not properly normalized 
since the continuum limit of -Do is i$/\Mo\. 

After performing Fourier transformation in Eq.(2.11), we obtain the over- 
lap Dirac operator in momentum space up to the second order in g: 



D(q,p) 



D (p)(2ir) 4 5 P (q-p)+V(q,p), 



(2.15) 



where 
V{q,p) 



+ 
+ 



1 

u(q) +uj{p) 
1 

<j(q) +u(p) 
1 



Xi{q,p) T^X{(q,p)—— 

X ^Xl { q, p) X ^ 



X 2 (q,p) 



uj{q) 



uj{p) 



1 



1 



+ 



Lj(q) + u(p) J \u){q) +u(r) J {u(r) +u(p) 
-X (q)Xl(q,r)X l (r,p) 

X 1 (q, r)xl {r)X x (r, p) - X x (q, r)x\ (r, p)X (p) 
+w(p) +w(r) v _,„^t^ r-Nvt/ 



w(g)u;(p)u;(r) 



-X ( 9 )X T (q,r)X {r)X\ (r, p)X (p) 



+ •■•. 

(2.16) 



From this weak coupling expansion we can derive the Feynman rules for 
lattice QCD with the overlap Dirac operator. For the quark propagator we 
assign the expression ( 2.12j ). For the quark-gluon three-point vertex depicted 
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in Fig. [l], we assign 

- -r-nr—rxT* K (p+-)- ^#yt ( p + t)^M\. (2 .i 7 ) 
a{u{q) + uj(p)) ab \ 2 J uj(q) ^ V 2 J u(p) J V ; 

For the quark-gluon four-point vertex depicted in Fig. (pi), we assign 



2a 



1 



{w(g) + w(p)}{u;(p) + o;(p + h)}{uj( P + fei) + 
x {x (g)< (p + fc 2 + |) ^ (W y) + ^ (p + k2 + |) 4(P + fe)^(P + y) 



u(q) + u(p) + uj(p + k 2 ) 



+ (p + fe + f UUp+f Uo(p) 



w(g)a;(p)a;(p + fc 2 ) 

1 



Xo(q)Vl (p + k 2 + y ) X (p + fc 2 )^t (p + y) *o(p)} 



{w(g) + oj(p)}{o;(p) + o;(p + fci)}{u;(p + fa) + u(q)} 
x (p + h + I) ^ (p + y) + ^ (p + fci + y) *J(p + *0^(p + y! 



+Vi„ (p + fci + ^ fp + ^ ) X (p) 



2 ; 2 

uj(q) + a>(p) + w(p + ki) + / fc 2 \ „ , , ST .+ / k 



(2.18) 



The gauge field action is chosen as Wilson's plaquette action, where 

^^EE^^-M™)). (2-19) 

where U^(m) = U^(m)U I/ (m+jj 1 )U^(m+i , )^U I/ (rn)^^\ The gluon propagator 
is given by 



GW(*) = (2-20) 



2 Ltischer proposed other action for gauge field in the abelian gauge theory [Q, which 
seems to be more appropriate in view of the locality properties. 
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where = (2/a) sin afc M /2, and a is the gauge fixing parameter . 

In the following sections we calculate the quark self-energy and the vac- 
uum polarization at one-loop level using these Feynman rules. 



k.A, u 



q , a 



p,b 



Figure 1: Gluon-fermion theree-point vertex 





k f k : 



q, a k,+p p, b 

(a) 




Figure 2: Gluon-fermion four-point vertices (a) and (b) 



3 Evaluation of the quark self-energy 

In this section we evaluate the one-loop quark self-energy of the lattice 
QCD with the overlap Dirac operator and we show that the structure of 
divergence is equal to that in the continuum theory. In the lattice QCD 
with the overlap Dirac operator, there exists the chiral symmetry based on 
the Ginsparg- Wilson relation as {75,!)} = aD^^D. First, let us investigate 
what the Ginsparg- Wilson relation tells us about the structure of divergence. 
Up to one-loop order the Ginsparg- Wilson relation is written as 



7 



{75, S^(p) + S(p)} = a(S^{p) + S(p)) 75 (5 i ; 1 (p) + S(p)), (3.1) 

where Sf(p) is the quark propagator and S(p) is the one- loop quark self- 
energy. Ignoring the second-order term and using the Ginsparg- Wilson re- 
lation at the tree level, we obtain 

{ 7 5,X(;p)} = aS(p) 75 5^ 1 (p)+a^ 1 (f)75S(p). (3.2) 
Since S(p) has dimension 1, the possible structure of divergence is 

r / ^ J rfCin ap 2 C 2n 1 C 3 ^ 2 2 

S W = E{(^+(^^) + - + E^(logap) 

+ finite terms, (3-3) 

where Ci n ,C2ri. ,C*3 and C4 n is generally a linear combination of constants 
and the power of loga 2 p 2 . In the above equation the first and second terms 
are non-local divergences and the third and fourth terms are local diver- 
gences. In general, the Ginsparg- Wilson relation does not exclude non-local 
divergent terms, which spoil the renormalizability of the theory. Now we 
compute the quark self-energy £ with the overlap Dirac operator and we 
show that non-local divergent terms don't appear. If such non-local terms 



are absent, the linearly divergent terms C3 in Eq. (3.3) should also vanish 
due to the Ginsparg- Wilson relation, which we elucidate in our calculation. 
We also compute the logarithmic divergent part and show that the diver- 
gent part of the quark field renormalization factor is equal to that in the 
continuum theory. 

The Feynman diagrams which contribute to the one-loop quark self- 
energy are shown in Fig. ||. The amplitude corresponding to Fig. 3(a) is 

* {a) (p) = ^D^E/_!^(p-fc) 



A H v 





fp + k 
V 2 




\{v» 


+ 2. 





Xo(p)rA fp + k\X (k) 



{io{k) + io(p)} 2 l \ 2 J u(p) ^\ 2 J u(k) 



-i-f p smak p | a\f^ fp + k\ X (k) | (p + k\X Q (p) 

~ "1 , 



2(u)(k) + b(k)) ' 2 J 2 J u(k) ' lv \ 2 J uj(p) 

(3 
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p , b 



P , a 



P.b 



P , a 



(a) (b) 
Figure 3: Feynman diagrams for the quark self-energy 

The amplitude corresponding to Fig.3(b) is 



Mp) 



V2M 



Xoip) 



vl(p) 



Xoip) 



uj(p) u(p) J U)1U u(p) {uj(p) + oj{p + k)} 2 



x [x Q {jp)vl [p + V lu [p + + Vi M [p + ^ 4(p + fc)^ (p + 

+v l »(p + k ^ j vl(p+ k -)x {p) 



(3.5) 



To evaluate the divergent parts of £( a ) and T,^, we rescale the integration 
momentums fc M — ► fc^/a in each amplitude and we obtain 



S (a) b) = f E/ ^,(pa-fe) 
za ^ Jfe 



1 



{cu(fc) + w(pa)}' 
— Z7 P sin k p 



i/i 



/pa + k 
V 2 



^o(pa) y f 



/ pa + fc \ X (AQ ) 
cj(pa) V 2 / u{k) J 



+ &(&)) 



+ 1 \{ V lv 



pa + k 



X (k) t / pa + A: \ Xq (pa) I 
w(ife) liy V 2 J w(pa) J ' 

(3.6) 
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and 

£( & )(p) 



9_ 
2a 



(pa) 



l/„ , , X (pa) j X (pa) \ 



x\x,(pa)Vl[pa + -)v l 



{uj(pa) + oj(pa + k)Y 

k" 
2, 



pa + - ] + V llt [pa + - ) Xlipa + k)V lu 



pa + 



[pa + Vl (pa + ^ XqM 



2uj(pa) + u(pa + fc) 
u;(pa) 2 



X (pa) 



where g 2 5 ab = g 2 Y.A{T A ) 2 ba and J k = f* n d 4 fc/(2vr) 4 . In the above two 
equations u, -Xq, Viu, V*^ and Guv are appropriately redefined according to 



the rescaling of k^. For example u(k) = J sin 2 k^ + (r ~~ cos + Md 
First, we show that there are not the nonlocal divergences of the forms 
ifiCin/ (a 2 p 2 ) n and ap 2 C2nl '(a 2 p 2 ) n+l . For this purpose we see that Eq 
and (3.7) are not singular for p = 0. Setting p = in them, we have 



1 



{u(k) - M } 



(A:), i = a,6. (3.8) 



where 



cr 



fw(*;)+xJ(A;)\ 



w(fc) / 
k 
2 



+ 



a 



(k) 



\ u(k) + b(k) J V \2) ' w(Jfe) 



3 When T A are the £[/ (AT) generators in the fundamental representation, g 2 



(3.9) 



(3.7) 
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Now by the expressions of Xq, Viu and u and the fact that there are not 
doublers, singularity may occur around the region k ~ in each integral. 
Only the quark and gluon propagators can exhibit singular behaviour for 
k ~ 0. The leading order part in k in £( a )(0) vanishes as 

f^f («_3)^ = _ 
aM j^J k 2 <5 2 A: 4 v ' 

Higher order terms in k are obviously non-singular. In Y,^ (0) the part which 
can behave singular around k ~ is only the part of a gluon propagator 
and then the four momentum integral is non-singular. Since both £( a )(0) 
and £( fe )(0) is non-singular, Y(p) does not have the divergences of the forms 
i]/>Cin/(a 2 p 2 ) n and ap 2 C 2n / (a 2 p 2 ) n+1 ■ Now using Eq.(|3~2l) we can show that 
there is not the 1/a divergence in T,(p), and thus the 1/a divergence in 
S a and S b should cancel. Since the highest order divergence is the 1/a 
divergence and derivatives with respect to momentum p decrease the degree 
of divergence, the 1/a divergent parts are given by Eq.(|3.8|) and Eq.(|3. 



We evaluate affi (k) and o$,{k), noting that odd functions of k in them 
vanish. First, we investigate a p }(k). Because (— k) = — Vi p (k) and 



Xj(-fc) = X (k), we find V Xlx (f) X^k)V lu (§) - (f) X (k)V^ 
odd . Therefore 



i fk 



is 



(*) = -{vtv lu + V lfM Vt + -ylx vl). (3.11) 



We next evaluate a$ (k). Using the relations XqXq = u> 2 and Xq = — J 1 + 
26Xo, we obtain 

<r$(k) = V 1 ^vl + vlv lu + -^ h {v 1 ,xlv lu + vlx vl 

+u (v lft V lv - V^VI) + ™V^X vl + V lfl i lpS ink p vl 
+V^i-y p ank p V lv } . (3.12) 

Now Vi^ijp sin k p V{ v + V^ p suikpV lu , VxyYiv ~ VipYiv and Vin x oV\v + 
Vi^XqViv are odd. Therefore 

<$c*o = v l v ^+ v i» v l+l v l x * v i- ( 3 - 13 ) 
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Thus £( a )(0) and E^(0) exactly cancel and there is no 1/a divergence in 
This analysis shows that the massless pole of the Dirac operator at 
tree level is stable against one-loop radiative correction |l5[] Q 

Next, we investigate the logarithmic divergence. Prom the above analysis 
does not have the divergences of the power of a. Therefore if there is 
the logarithmic divergence in S(p), it appears from the singular part in 
the integral for a — > and the singular part is the integration region around 
k ~ 0. Y,( b \p) from which was subtracted the 1/a divergence is non-singular 
for k ~ and a — > as it has only a gluon propagator. Accordingly we 
evaluate only Y,( a \p). There are some ways for taking out the logarithmic 
divergence || \L7\ . Here we use the procedure discussed in the paper by 
Karsten and Smit. First, the denominators of the propagator are combined 
using Feynman's parameter as follows, 



-2M 6, 



/IV 



-(1-a) 



{-2M (1 - x)(uj(k) + b(k)) + x(pa - A;) 2 }" 
-4M x(pa - A;) M (pa - k) v 



{uj(k) + u){pa)} 
Avi fpa + k 



{-2M (1 - x)(uj(k) + b(k)) + x(pa - A;) 2 } 
fpa + k 



2 1 V ^ r 



X (pa) v i f pa + k \ X (k) 



Xpjk) t f pa + k \ Xo(pa) \ 
u(k) lu \ 2 ) uj{pa) J 



u(k) 
(3.14) 



And the integration variables are shifted k^ — > k^ + axp^. Then we split the 
integral into two regions as follows, 



A; 2 



+ 



k 2 <S 2 



k 2 >S 2 



R<1, 



(3.15) 



and we evaluate the k 2 < 5 2 part in the continuum limit, ignoring the 
k 2 > 5 2 part which does not have the infrared divergence. Eq.(3.14) is the 



complicated integral over the sines and cosines. However for k 2 < 5 2 and 
a-*0we can expand both the denominator and the numerator of Eq.( |3.14] ) 
in k and a. The singular part corresponding to the logarithmic divergence is 



This part is studied previously in Ref. M and in Ref. [h6| 
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obtained from the leading part in k and a. Noting the spherical symmetry 
of the integral, the singular part is given by 



i 

dxx 



1 



o Jk 2 <s 2 {k 2 + p 2 a 2 x(l - x)} 



2 



2ig 2 j> 

+(1 - a) I dxi -2x + -x 2 ^ 1 1 



-(1-a) f 1 
Jo 



2~ J Jk 2 <5 2 {k 2 +p 2 a 2 x(l - x)} 3 
After some caluculations, the part proportional to loga 2 p 2 is 



{1 - (1 - a)}logaV- (3-16) 



16vr 2 M 



Now we pay attention to the normalization of quark fields. Since the con- 
tinuum limit of Dq is i$/\Mo\, the effective action is 

S eff = J^(p) | " ^aloga 2 p 2 + const^ j ^(p) + • • • . (3.17) 

The coefficient l/|Mo| can be absorbed by the redefinition of quark fields. 
Finally, the divergent part of the quark field renormalization factor is 

a 2 

Z^ = l + ^a\oga 2 fj 2 , (3.18) 

where fx is the renormalization scale. This factor agrees with the continuum 
theory. 



4 Evaluation of the vacuum polarization 

In this section we calculate the one-loop vacuum polarization with quark 
loop Il^j, and then we show that there are not the divergences of the forms 
p 2 /(a 2 p 2 ) n S IJ/U and p^Pv/{a 2 p 2 ) n (n > 1) and that the divergent part of the 
gluon field renormalization factor is equal to that in the continuum theory. 

Feynman diagrams for the vacuum polarization with quark loop are 
shown in Fig. 4. 

The amplitude corresponding to Fig.4(a) is 
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(a) (b) 
Figure 4: Feynman diagrams for the vacuum polarization 



ArpB 



x iV, 



a d k 



I (2vr)4{ w ( fc ) +w (A : + p)} : 



rtr 



ll/ 



+ 2) uj(k) 



Xo(k + P ) 
uj(k + p) 

Xpjk) A ( P \ X (k+p) 

u(k) l » V 2) uj{k+ P ) 



-i~f p sma(k +p) p 
2(u(k+p) + b{k+p)) 



—i"f p sin ak p a 
2{u{k)+b(k)) + 2 



+ 



The amplitude corresponding to Fig.4(b) is 



—i^pSinakp a 
2{uj{k) +b(k)) + 2 



2w(fc) 



L0(k) ' 2 ^ VV W(fc) 



2uj(k)(u(k) +oj{k+p)) 2 

+v llx (k + £)xl(k + P )v lv (k + + iv (fc + 



fc 2 



+ Vi „ ( k - V - ) 4 ( k - p ) Vi J A; - V - ) + ^ ( k - V - ) Vl ( k 



p 
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2u(k) +io(k-p) 



'—ZLX Q {k)Vl [k- P -)X {k- p)Vl [ k - ^ \X (k) 



P 



u(k) 2 uj(k — p) 



Rescaling the integration momentums as before k^ — > fc^/a and noting that 
for JVy flavor QCD, tr (V A T B ) = iV/O^ 6 , we obtain 



(4.2) 



n<S>(p) 



4a 2 A {u;(fc) +u;(& +pa)} : 
-X" (/c + pa) 
u;(fc + pa) 
Xo(fc) t 
a;(fe) ^ 



rtr 



+ 1 



1;/ 



— i7 p sin (fc + pa) p 
(cj(A; + pa) + 6(fc + pa)) 
k ^pa\X (k)\^ -i^ p smk p 



x iV, 



'in 



+ pa 
u(k+pa) J 



(w(fc) + 6(fc)) 



fc + pa^Xo(^-fpa)\ 



+ 1 



(4.3) 



and 



h<2(p) 



Nfsr 

4a 2 



it w(fc) tr 



— «7 P sin k p 
(w(fc)+6(fc)) 



+ 1 



a;(fc) 2 " vv w(fc) 

2 |x (fc)yi 



pa 



(aj(fc) + + pa)) 

+Vi» (k + y)*o(* + Po)Viu (k + 

2uj(k) + + pa) 
lj(A;) 2 u(A:+. 
1 



pa 
T 
pa 
2 



+ Vip[k + 



pa 
~2 

-Vi f 

2 r 1 " 



pa 



X (*) 



^o(*«*, (* + f)X,(k +P a)vl (k + £)*,(*) 



(w(ife) +w(A;-pa)) 2 



^o(Wt(*-y)^, 



A- P ° 



+^f*-?)Aj(fc- J »)^ffc-^ + ^f Jfe _^fi b -^> 



2 / 

2tu(k) + — pa) 
uj{k) 2 uj{k — pa) 



where w, Xo, Vip, and are appropriately redefined as done in the 
previous section. First, we show that Ilj^ (p) and 11$ (p) are constants 
for p = and thus the divergent terms of the forms p 2 / {a 2 p 2 ) n+1 5p U and 



2 7" 



)(*) 



(4.4) 
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PuPu/ifl P ) n do not appear. Setting p = in them, we have 



0(0) 



_ _N f g 2 



r tr 



—ijp sin akp 

(io(k)+b(k)) 



16a 2 A u)(k) 



and 



n<5(o) 



^ (A;) 



N f g 2 



uj{k) 
w(k) 



vL (*) 



w(fc) 
^o(fc) 



— ^7 P sin /c p 
(w(A;)+6(fe)) 



+ 1 



4a 2 Jk uj(k) 



tr 



1 



(*) 



— ?7p sin k p 
{u{k)+b{k)) 



+ 1 

Xo(fc) 



w(fc) ^ vy w(fc) 
2 {x o (A0<(*0^(*0 



4w(k) 

+V lfl {k)xl(k)V lu (k) + V\p {k)vl (k)X (k) 

~ZW Xo{k)V ^ W X °W V 1>> (*)*<>(*)} 

~{X (*)4(^(*) 

(*) + Vi„ (fc)V^ (fc)Xo(fc) 

3 



lj(A;) : 



f X (fc)vi(fc)^o(fc)<(fc)^o(fc) 



(4.5) 



(4.6) 



In 11$$ (0) the part which can be singular is only a quark propagator which 
behaves ifc/ k 2 at k ~ and the four momentum integral is non-singular, and 
thus the results of the k integration is a constant. In 11^(0) the leading 
part in k is 



4a 2 



tr $(2^(2^)] 



a z Jo 



k 2 <S 2 
8 

dkk. 



k 4 



Hence 11$ (0) is a constant as well. The above analysis exhibits that there 
is not the divergences of the forms p 2 / 1 {a 2 p 2 ) n+1 5p U and p^p v /{a 2 p 2 ) n in 
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H^ v (p). Accordingly assuming that 50(4) symmetry restores in the contin- 
uum limit, the structure of the vacuum polarization amplitude is 

IV(p) = ^CoSftv + Ci/jvip) + 0(a 2 ). C : constant. (4.7) 

However we take the gauge invariant formulation and the Ward identity 
determines the structure of Tl^p) as follows, 



IV (p) = (p 2 V - PvPvMp 2 ). (4.8) 

From the above two equations we conclude that there is not also the 1/a 2 
divergence in Ii lJ _ u {p). 

Next, we evaluate the logarithmic divergent part in the vacuum polar- 
ization. The procedure which taking out the logarithmic divergent part is 
same as we used in the previous section. Since 11^ (p) from which was sub- 
tracted the 1/a 2 divergence is not singular for k ~ and a —* from the 
same reason for we consider only nffi (p). In Eq.( [4.3[) , using Feyn- 

man's parameter and shifting the integration variables fc„ — > A;^ — axp^ and 
then we evaluate the part of the integration region k 2 < 5 2 , 5 <C 1 in the 
continuum limit. The singular part for k ~ and a — > is the leading part 
in k and a. Noting the spherical symmetry of the integral, its part is given 
by 

,, "1 r 9i~2 A _ A„2„n _ 

After some calculations, the term proportional to log a 2 p 2 is extracted as 
follows, 



Nf9 2 f 1 dx f 2k 2 V - 4a 2 x(l - x)(p 2 y - 2 W ) 
2 'o (A; 2 + p 2 a 2 x(l - x)) 2 



^(P 2 V " PjJV) log a 2 p 2 . (4.10) 

Hence the divergent part of the gluon field renormalization factor due to the 
quark loop is written as Za = 1 + (Njg 2 /12tt 2 ) loga 2 /i 2 , which agrees with 
the continuum theory. 

5 Summary and discussion 

In this paper, we discussed the weak coupling expansion of massless QCD 
defined with the overlap Dirac operator at one- loop. In the weak coupling 
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expansion of the overlap Dirac operator, the fermion propagator has the 
single pole for the physical mode and is free from species doublers. The 
quark-gluon vertices are regular functions in momenta and thus the gauge 
interaction is local. With these properties of the quark propagator and the 
quark-gluon verteces, we have studied the fermion self-energy and vacuum 
polarization and confirmed that non-local divergent terms are not in fact in- 
duced, which are not necessarily forbidden by the Ginsparg- Wilson relation. 
Then the Ginsparg- Wilson relation prohibits linearly divergent mass terms. 
The divergent parts of the wave function renormalization factors for quarks 
and gluons agree with the continuum theory. 
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